Abstract: This paper presents a novel analytical methodology to model the four-phase 8/6 switched reluctance motor (SRM) for determination of the magnetic flux waveforms within the different sections of the motor. For this, 2-D finite-element analysis (FEA) of the motor is carried out to identify the flux tube plot within the motor at different rotor positions. Equations for calculation of inductance and flux-linkage characteristics of the SRM stator winding are derived as function of the motor specifications, rotor position and the stator current excitation. Voltage equation is then used to obtain the variation of the excitation current versus rotor positions. This obtained current waveform is then used to extend the flux tubes method equations to dynamics mode. Consequently, a model of the 8/6 SRM can be formed via the non-linear dynamic equations to calculate the flux waveform within the stator poles. The results obtained using the analytical method is verified by FEA and actual measurement of the motor. It is shown that this method is capable to predict accurately the flux shape in different portions of the 8/6 SRMs for a given excitation current shape.
Introduction
function of both rotor position and excitation current [1] . Calculations of the waveforms are complicated due to the deep saturation and non-sinusoidal excitation of the SRMs. At this end, different techniques have been so far introduced to find the patterns and determine the flux waveforms within the SRMs.
The first model to determine the stator poles flux waveforms was developed based on assumption that the waveforms have triangular shape [2] . The flux waveforms in other parts of the machine are then graphically determined. In [3] , the flux waveform in one section of the stator yoke has been measured and it is then used to predict the flux waveforms in other parts of the SRM magnetic circuit. The core losses have been estimated by harmonic analysis of these waveforms. The error of the estimated core losses is due to ignoring the saturation effects in corner locations of the stator poles that happens because of a large number of passing flux lines. Alternative technique presents the ratio between the flux values in different sections of the magnetic circuit of the SRM in matrices form [4] . Accuracy of this method is reasonable, but their mathematical manipulation is too difficult. Approximation of flux waveforms with conventional equations by neglecting the saturation of the magnetic circuit of a three-phase 6/4 SRM has been presented in [5] .
A 2D FEA has been used to evaluate the flux density waveforms in different parts of the motor [6] . These waveforms have been fitted to fourth-order polynomials to calculate core losses. This method necessitates an appropriate package to implement and generally it takes a long computation time. It also requires a large computer memory which is considered as disadvantages. Also, a linear approximation has been used to evaluate the flux waveforms in the motor by [7] . Previous papers have concentrated on the determination of the flux waveforms in SRMs which have disadvantages especially in complicatedly and/or precisely. This paper presents a new simple analytical method to resolve the drawbacks. FEA of a typical 8/6 SRM is applied in section II, and magnetic flux tubes in the motor is obtained and three regions based on the positions of the rotor in respect to the stator poles are defined. In section III, governing equations of magnetic flux tubes in the regions are derived to calculate inductance and flux-linkage characteristics of the motor. The voltage equation of the stator winding is then given in section IV. In this section, the inductance of the stator winding obtained in previous section is used to calculate the excitation current in different rotor positions. In section V, the nonlinear algebraic equations of the motor are extended to dynamics mode in which the excitation waveform is incorporated in the equations. These equations form the model of the 8/6 SRM to calculate the flux in stator pole versus rotor positions. This waveform is then used to predict the flux waveforms in various sections of the 8/6 SRM in section VI. Both FE and experimental results of actual 8/6 SRM are compared to the analytical results to verify the accuracy of the proposed method.
Magnetic Flux Tubes Within 8/6 SRM
In order to apply the flux tubes method, it is necessary to determine the flux lines within the SRM for different positions of rotor by the FEA of the motor. Here, a 8/6 SRM shown in Fig. 1 is analyzed. The motor specifications have been summarized in Table 1 . In the FEA of the SRM, three regions are defined based on the angular position of rotor poles, θ . The three regions are, I) unaligned position up to the beginning of stator and rotor poles overlap (region I), II) beginning of overlapping up to the full overlapping (region II), and III) full overlapping position up to the aligned position (region III) [8] . Each region must be modeled by predominant number of flux tubes. Flux2D 10.2 software package is used for FEA [9] , at constant excitation. The result obtained from the analysis has been shown in Fig. 2 . It is observed that 10, 8 and 8 flux tubes is adequate to model regions I, II and III, respectively. 
Calculation of Flux-Linkage and Inductance Characteristics of 8/6 SRM
The magnetic circuit of the SRM is divided into five sections including stator poles, stator yoke, rotor poles, rotor core, and air gap. When the flux tubes are identified in three regions, it is possible to calculate the length and area of the flux tubes in each section. These lengths and areas of the flux tubes depend on the geometrical dimensions and rotor positions of the SRM. The Ampere's law equation can be applied to each flux tube in various sections of the SRM. To demonstrate this, consider the flux tube1 in region III. Fig. 2c shows that the flux tube1 passes through the stator pole (sp), air-gap (g), rotor pole (rp), rotor core (rc), and stator yoke (sy). Therefore, the Ampere's equation of the path is as follows:
where N ph , H and l are the number of winding turns, magnetic field intensity and length of the flux tubes in each section of the motor, respectively. P g and A g are the permeance and area of the flux tube in the air-gap and i recall the excitation current. Therefore, 10, 8 and 8 nonlinear algebraic equations can be derived to model the region I, II, and III, respectively. These equations are the function of the motor specifications, rotor position and stator winding excitation. To solve the above nonlinear equations and obtain the stator pole flux, assumed an initial value of the stator pole flux and evaluate the flux density (B) in various sections of the motor corresponding to the paths of the flux tube. Then, from the magnetization characteristic of the lamination, the corresponding magnetic field intensity (H) of each section, can be determined. Consequently, the magnetomotive force (MMF) of each section is calculated and Ampere's law equation associated with each flux tubes is well established. The MMF due to the excitation current must be equal to the previous calculated permissible MMF or the error between them is within the predefined limit. Therefore, the iterative process with the modified stator pole flux continues up to converging to the solution. Following the calculation of the stator pole flux, the corresponding inductance for each flux tube is evaluated. The inductance of flux tubes 10, 8, and 8, in three regions are summed up to get the phase inductance in three regions, respectively. Once the phase inductance characteristic, L(θ , i), is obtained, the flux-linkage characteristic can be estimated.
The above analytical method is implemented by the MATLAB script to calculate the phase inductance and flux-linkage in different regions of the 8/6 SRM. In this case, the displacement of the rotor between the unaligned (0 • ) and the aligned (30 • ) position is considered and excitation current level is statically changed to 1.3 times of the motor rated current. Fig. 3 shows the flux-linkage of the 8/6 SRM obtained by the proposed analytic method and actual measurement. The effect of the magnetic saturation in the rotation of the rotor from the unaligned position to the aligned position is fully clear. It is also observed that the results of application of the proposed method are in good agreement with the measured value, especially at low excitation up to the rated current; where there is no deep saturation. Table 2 compares the phase inductance in unaligned, 10 • , 20 • , and aligned positions at rated excitation current that calculated using the analytical and FE methods, while the measured value is also present. Table 2 indicates that the results obtained using the analytical method is in good agreement with those obtained from FEA and measurement. It is also clear that the error at the unaligned position is larger than that of the 10 • , 20 • , and aligned positions. The reason is the leakage flux passing through all the adjacent areas and less accuracy to estimate the flux tubes geometry due to the complicated shapes. Therefore, modeling this region requires considering more flux tubes for computation of the actual inductance. While the absolute values of the phase inductance at the unaligned position are too low, the effect of this error in the stator pole flux waveform estimation is negligible. 
Excitation Current Versus Rotor Angular Position
To determine the flux in the stator poles of the SRM versus rotor position, it is necessary to estimate the excitation current in every rotor position. For this, assume that the SRM is rotating with the rated speed, N r , and the dc link voltage, V dclink , has been applied to the stator winding at rotor position angle θ r . In such a case, rotor travels any degree at time t s = 1/6N r and inductance variation in this time can be constant. The current equation at position θ r + 1 is then calculated from the voltage equation as follows:
where R st is the resistance of the stator phase winding. Also, L θ r is the minimum inductance of the stator winding at rotor position of θ r that can be obtained from L(θ , i) characteristic. The current equation at rotor position θ r +2 is then calculated as follows:
where L(θ r + 1) is the inductance of the stator winding at rotor position θ r + 1 and current i(θ r + 1) that can be precisely extracted also from L(θ , i) characteristic. This trend continues for rotor position θ r + 2 and further up to the rated current. At this rotor condition, current remains constant up to the phase commutation angle, θ c , and at this angle, the reversed dc bus voltage is applied to the phase winding.
Therefore, the winding current begins to drop and the current equation at position θ c + 1 can be expressed as follows:
This trend continues up to zero current and completing the commutation process. Fig. 4 shows the obtained current waveforms of the four-phase of the 8/6 SRM. Fig. 5 shows the control block diagram of one phase of the 8/6 SRM designed for experimental setup. The control strategy starts from Φ A signal that generated by the position sensor in order to determine the condition of low switch. While the blade slot is located in the front of the phase sensor, the sensor generates a low signal level that passes through the NOT gate and on-state command produces for low switch. In this condition, the PWM signal that cause to generate and control of the phase current, is applied to the high switch of the phase. Also, the phase current is set to the reference current with the duty cycle control of the PWM signal. The reference current is calculated based on the error between the actual speed and reference speed. The average value of the PWM signal is obtained with an integrator (low-pass filter) and reference current is generated.
The sensors board on the SRM shaft and the actual drive for implementing the control strategy and actual measurement has been shown in Fig. 6 . It is clear that Fig. 4 . Four-phase excitation current of the 8/6 SRM obtained using proposed analytic method. two IGBT switches are considered for each phase of the motor. The 8/6 SRM has been driven at the rated rotation speed of 1425 rpm and the control strategy is set to regulate the peak current value to 3.797A, the duration time (or positions) of the fixed excitation current and the commutation angle. Fig. 7 shows the measured instantaneous excitation current waveform of the two-phase of the SRM. As shown in Fig. 4 and Fig. 7 when the control strategy setting is to be implemented using some assumptions in calculating the current waveform, a good agreement between the result of the measurement and predicted current in every rotor positions is achieved. 
Flux Waveform of Stator Pole
When the excitation current at each rotor position between unaligned to aligned position is obtained, it is possible to extend the Ampere's low equations to dynamics mode of operation of SRM. It means that the constant excitation current should be substituted by this current waveform in the above mentioned nonlinear equations. Therefore, the Ampere's equation of the flux tube 1 in region III described by (1) in static form, is extended to (5) in which the i(θ ) incorporates into the equation for the above mentioned goal, as follows:
This has been implemented for the all flux tubes in the regions and a set of nonlinear equations describes all effects of the rotor poles rotation from the unaligned to aligned positions (in respect to the stator pole) in three regions. These effects include the shape and paths of the each flux tubes, rotor positions and the real excitation current at any rotor position. The waveform of i(θ ) (Fig. 4) , has been used to drive the model. This model solves using an iteration method with very low convergence rate and fluxes in stator pole (between unaligned and aligned positions) are calculated. Fig. 8 compares the flux waveform of the stator pole with the measured waveform. It is observed the flux is zero in the stator pole for rotor position of 21 • to aligned position due to the zero excitation current in this region.
For better comparison, Table 3 gives the flux in the stator pole of the 8/6 SRM as a function of both rotor position and the excitation current that obtained using the proposed analytic method, FEA and measurement. It is found that the results obtained using the new method is fairly in agreement with those obtained by the FEA and measurement. When the flux waveform at the stator pole of the SRM is obtained, the flux waveforms in various magnetic sections of the SRM can be calculated. Fig. 9 shows different sixteen sections in the 8/6 SRM. The flux waveforms are derived starting from the stator poles of SRM. In 8/6 SRMs, each pole of the stator excited six times over a complete revolution of the rotor. Therefore, with the use of the flux waveform within one pole of the stator poles, (section 1), is shown in Fig. 8 ; it is possible to calculate the pole flux waveform in full revolution of the rotor. Other stator poles, sections 2, 3, and 4, would have the similar waveforms but would be offset by 15 • in 8/6 SRM. Also, the diametrically opposite pole would have a similar waveform except that the polarity is reversed. They have the following identical frequency:
where N and N r are the number of rotor poles and the rotor speed in revolution per minute (rpm), respectively. The flux of the stator yoke varies from portion to portion based on the activated phase. Therefore, when the waveforms are calculate in the 8-poles of the stator, the waveforms are predictable in the 8-portions of the stator yoke. The flux waveform in section 5 of stator yoke can be obtained from sum of the flux waveforms of four stator poles. The sum of flux waveforms in stator poles 1, 2, and 3 minus 4, gives the waveform of section 6 of the stator yoke. Also, the sum of flux waveform in stator poles 1 and 2, minus the flux from sum of the waveforms in 3 and 4, gives the flux waveform in section 7 of the stator yoke. Finally, subtracting pole 1 from the sum of fluxes in poles 2, 3 and 4 will give the flux waveform in section 8 of stator yoke. Due to the symmetry in stator yoke, the impact 0.5 should be considered in determining the stator yoke flux waveforms. Fig. 10 shows the flux waveforms of the stator yoke sections 5 to 8, over a full revolution of the rotor obtained using the proposed method. It is observed that the waveforms in sections 6, 7, and 8 have the same frequency with the flux frequency in the stator poles. But, section 5 waveform has ripple with frequency of 4×142.5 Hz. The corresponding diametrically opposite sections of stator yoke; 9, 10, 11, and 12 have the reverse polarities with the waveforms of the sections 5, 6, 7, and 8, respectively.
The flux waveform in rotor pole has the frequency of 23.75 Hz and can be obtained from the stator pole flux. The flux waveform of one rotor pole, section 13, has been shown in Fig. 11 (top) . Other rotor poles, sections 14 and 15, would have the similar waveforms but would be offset by 15 • in 8/6 SRM. Also, the diametrically opposite pole would have a similar waveform except that the polarity would be reversed.
When the waveforms are calculated in the six rotor poles, the waveform is predictable in the rotor core. The flux waveform experienced by one of six portions of the rotor core over a full revolution has been represented in Fig. 11 (bottom) . The other sections have the identical waveforms but are offset by 60 • in 8/6 SRM. The same frequency of 23.75 Hz is also observed in this waveform.
Conclusion
In this paper an analytic method was proposed to determine the flux waveforms in various sections of the 8/6 SRM. First, FEA of a typical 8/6 SRM was carried out using Flux2D 10.2 software package to identify the flux tubes at three regions. Amperes equation for all magnetic flux tubes in every region is then followed in non-linear forms that depend on the specifications of the motor, rotor position and excitation current. These nonlinear equations were solved using an iterative method to obtain the inductance and flux-linkage characteristics of the motor in different rotor positions and different excitation current. With the use of the inductance characteristic and extended volt-age equation, the phase excitation current at each rotor position is calculated. In this case the real excitation current waveform was incorporated into the nonlinear equations and the SRM model for calculation of the stator pole flux waveform was established. Other waveforms then calculated using the stator pole flux waveform. The results obtained by the proposed analytic method are as good as those obtained by the FE analysis and measured results.
